Abstract. As a continuation of the Riccati type operator equation K = T HT , this article is to consider the Riccati type equation
Introduction
Throughout this paper, an operator T means a bounded linear operator on a Hilbert space. T 0 and T > 0 mean a positive semidefinite operator and a positive definite operator respectively.
The well-known Riccati type operator equations K = T HT − TC − C * T relate to control theory closely and have been studied extensively [14] .
Pedersen and Takesaki [16] developed the special kind of Riccati equation K = T HT as a useful tool for the noncommutative Radon-Nikodym theorem [17] .
Bach and Furuta [1, 7] gave discussions on the equation K = T (H 1 n T ) n where n is a natural number.
Yuan and Gao [18] discussed the Riccati type equation
and proved the result below. 
The case p = 1, r = 1 n and δ = 0 of Theorem 1.1 is the main result of [7] . One of the applications of Riccati equation (1.1) Inspired by recent developments on operator equations including Sylvester equation (see [3, 11] ), in this paper, we will consider the Riccati type equation The case s = 1 of Furuta's question is clear by [5] . Furuta [10] gave two concrete operators A and B such that log A log B and (1.4) does not holds for p = 2, t = −1, r = 2 and s = 2 . This implies that the converse is essential in the question. When p = 1, t = −1 and r = 2 , Fujii et al [6, Theorem 1] proved the following result by using Kantorovich type inequality.
holds for sufficiently large s > 1 , then A B.
Sine A B is stronger than log A log B, Theorem 1.2 implies that, when p = 1, t = −1 and r = 2 , the converse of Furuta's question is right.
In this article, section 2 is devoted to discussions on the equation (1.3), the main result is Theorem 2.3 which is an extension of Theorem 1.1 (1) .
In section 3, as applications, we give extensions of Theorem Put T = SS * , then T a and by Lemma 2.2,
So (1.3) holds for ker H = {0} . (2) ⇒(1). For a with T a , by Lemma 2.2, (1.3) implies
Now to show the uniqueness of T . Assume that Z also satisfies (1.3), by (2.1) we have
It is clear that the condition (1) 
holds for sufficiently large s > 1 . Then A p B p .
Obviously, the case p = 1, r = 2 and δ = −1 of Corollary 3.2 implies that the outer exponent Proof. (1) ⇒(2) is the so-called grand Furuta inequality, see [9] or [19] . (3) follows by the spacial case p = −t = 1 of (2) and Loewner-Heinz inequality for 0 < 
